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U <= A of a such that Dg(x) has rank p — 1 for x e U. Using the rank theorem (10.3.1 ),
reduce the proof to the case in which a = 0, fk(z) = zkfor2^k^ p.) Is the result still
true when C is replaced by R ?
3.	(a)   Let A be a simply connected open subset of C, distinct from C, and let a, b be
two distinct points of fr(A). (Appendix to Chapter IX, Problem 6.) There exists a
complex-valued analytic function h in A such that (/z(z))2 = (z — a)/(z — b) (Section
10.2, Problem 7); h is an analytic homeomorphism of A onto a simply connected
open subset B of C (Problem 2 and (10.3.1)); furthermore, B n (— B) = 0, hence
there are points of C exterior to B.
(b) Deduce from (a) that there exists an analytic homeomorphism of A onto a simply
connected open subset of C contained in the disc U: \z\ < 1, and containing 0.
4.	(a)   Let A be a simply connected open subset of C contained in the unit disk U: \z\ < 1 ,
containing 0, and let H be the set of all complex valued analytic functions g in A,
such that g is an injective mapping of A into C, \g(z)\ < 1, ^(0) = 0 and #'(0) is a real
number >0. For each compact subset L of A, the set HL of the restrictions to L of
the functions of H is relatively compact in ^C(L) (9.13.2). Show that the set of real
numbers g'(fy (forg e H) is bounded (cf. proof of (9.13.1)); let A be the l.u.b. of that set.
Show that there is a function g0 e H such that #o(0) = A (use the result of Section
9.17, Problems).
(b) Suppose g e H is such that #(A) ^ U, and let c e U — #(A). Replacing g by g:
defined by gi(z) — e~ieg(zei9), one can assume, for a suitable choice of 0, that c is
real and >0. There exists a function h which is analytic in A and such that
h((z))2~(c-g(z))l(\-cg(z))
and /z(0) = A/£>0 (same argument as in Problem 3(a)); show that the function^
defined by
h(z) =
belongs to H, and that #i(0)
(c) Conclude from (a) and (b) that the function gQ defined in (a) is an analytic homeo-
morphism of A onto U; using Problem 3(b), this implies that for any simply connected
open subset D of C, distinct from C, there is an analytic homeomorphism of D onto U
("Riemann's conformal mapping theorem").
5. (a) Let / be a complex valued analytic function in the unit disk U: \z\ < I
such that /(O) = 1 and \f(z)\ < M in U; show that for \z\ =sS 1/M, |/(z)- 1| ^ M|z|
(apply Schwarz's lemma (Section 9.5, Problem 7) to the function #(z) =
 (b)	Let /be a complex valued analytic function in U such that /(O) = 0,/'(0)= 1,
\f'(z)\ ^ M in U; show that for z\ ^ 1/M, |/(z) - z| ^ M|z|2/2 (apply (a) to/0.
 (c)	Show that under the assumptions of (b), the restriction of /to the disk B(0; 1/M)
is an analytic homeomorphism of that disk onto an open subset containing the disk
B(0; 1/2M) (apply Rouche's theorem ((9.17.3), using the result of (b)).
 (d)	For any complex number aeU, let u(z) — (z — a)/(az— 1); for any complex
valued function / analytic in U, show that, if #(z)=/(j/(z)), then |#'(z)|(l — |z|2) =
(e) Show that there is a real number ("Bloch's constant") b> 1/3 V3 having the
following property: for any complex valued function / analytic in U and such that
/'(0)= 1, there exists z0 e U such that, if Jf0=/(z0), the open disk B of center *0
and radius b is contained in /(U) and there is a function g, analytic in B and such

